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Abstract. Over a Noetherian, local ring Ft of prime characteristic p, the 
Frobenius functor Fr induces a diagonalizable map on certain quotients of 
rational Grothendieck groups. This leads to an explicit formula for the Dutta 
multiplicity, and it is shown that a weaker version of Serre's vanishing conjec- 
ture holds if only X'(/'/t(X)) = p dlulR x(X) for all bounded complexes X of 
finitely generated, projective modules with finite length homology. 



1. Introduction 

For finitely generated modules M and N over a commutative, Noetherian, local 
ring R with pdM < oo and £(M ®.r N) < oo, the intersection multiplicity defined 
by Serre p~2] is given by 



(M, TV) = £(-l)V(Tor? (M, N)). 



X 

The vanishing conjecture, also formulated by Serre, states that 

X(M,N) — whenever dimAf + dimiV < dim ii. 

Serre's original conjecture requires R to be regular, but the conjecture makes sense 
in the more general setting presented above. Serre proved that the vanishing con- 
jecture holds when R is regular and of equal characteristic or unramified of mixed 
characteristic. Roberts [9] and, independently, Gillet and Soule [5] later proved the 
conjecture in the more general setting where the requirement that R be regular is 
weakened to the requirement that R be a complete intersection and both modules 
have finite projective dimension. Foxby |3J proved that the conjecture generally 
holds when dim N < 1 . 

However, the vanishing conjecture does not hold in the full generality presented 
above. This was shown in the famous counterexample by Dutta, Hochster and 
McLaughlin 2\. Subsequently, other counterexamples have emerged, such as the 
one by Miller and Singh [7]. 

For rings with prime characteristic p, a different intersection multiplicity was 
introduced by Dutta [1] . The Dutta multiplicity is given when dim M + dim N < 
dim R by 

Xoo (M,N) = ifo-^— x (Fl{M),N), 
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where Fr denotes the Frobenius functor. The Dutta multiplicity satisfies the van- 
ishing conjecture and is equal to the usual intersection multiplicity whenever this 
satisfies the vanishing conjecture. 

This paper studies the interplay between the vanishing conjecture and the Frobe- 
nius functor. The investigations are performed by studying Grothendieck spaces 
which are tensor products of Q with homomorphic images of Grothendieck groups 
of complexes. Proposition fTTI shows that the class of a bounded complex of finitely 
generated, projective modules in a Grothendieck space satisfies the vanishing con- 
jecture if and only if the Frobenius functor acts on it by multiplication by a constant. 
Following this is Theorem [T2l which describes how to decompose such a class of 
a complex into eigenvectors for the Frobenius. This leads in Remark [14] to the 
following formula for the Dutta multiplicity: 



/ 1 



Xoo(M,N) = (l ••■ 0) 



1 



pt pt l 



■ ■ p 
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X(F R (M),N) 



\x(F%(M),N)J 



Here, t is the co-dimension of M and u is a number that, in a sense, measures 
how far M is from satisfying the vanishing conjecture. The formula can be useful, 
for example when using a computer to calculate Dutta multiplicity. It should be 
noted that the diagonalizability of the Frobenius functor has been discussed by 
Kurano [6] , but that the approach taken and the results obtained in this paper are 
new, at least to the knowledge of this author. 

The last section of this paper introduces the concept of numerical vanishing, a 
condition which holds if the vanishing conjecture holds, and which implies a weaker 
version of the vanishing conjecture, namely the one in which both modules are 
required to have finite projective dimension. A consequence of the investigations 
performed is the result from Remark [22] that the weak vanishing conjecture holds 
if only x(Fr(X)) = p dlmR x(X) for all bounded complexes X of finitely generated, 
projective modules with finite length homology. 



2. Notation 

Throughout this paper, R denotes a commutative, Noetherian, local ring with 
maximal ideal m and residue field k = R/m. Modules and complexes are, unless 
otherwise stated, assumed to be .R-modules and _R-complexes, respectively. Modules 
are considered to be complexes concentrated in degree zero. 

The spectrum of R, denoted Spec R, is the set of prime ideals of R. A subset 
X C Spec R is specialization-closed if, for any inclusion p C q of prime ideals, 
p 6 X implies q £ X. A closed subset of Speci? is, in particular, specialization- 
closed. Throughout, whenever we deal with subsets of the spectrum of a ring, it is 
implicitly assumed that they are non-empty and specialization-closed. 

For every X C Spec R, the dimension of X, denoted dim X, is the usual Krull 
dimension of X, and the co-dimension of X, denoted codimX, is the number 
dimi? — dimX. The dimension and co-dimension of a complex X (and hence also 
of a module) is the dimension and co-dimension of its support: that is, of the set 
Supp R X = {p e Speci? | H(A p ) ^ 0}. 
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3. Grothendieck spaces and vanishing 

For every (non-empty, specialization-closed) X C Speci?, consider the following 
categories: 

P(X) = the category of bounded complexes with support contained in X and 
consisting of finitely generated, projective modules. 

C(X) = the category of homologically bounded complexes with support con- 
tained in X and with finitely generated homology modules. 

If X = {m}, we simply write P(m) and C(m). 

The Euler characteristic of a complex X in C(m) is the integer 

i 

If M and N are finitely generated modules with pdM < oo and £(M ®r N) < oo, 
and A" is a projective resolution of M, X <£>_r N is a complex in C(m), and the 
intersection multiplicity x{M, N) of M and N is the number x(X ®r N). There is 
no problem in letting N be a complex rather than just a module, so the definition 
of intersection multiplicity can be extended to an even more general setting: for 
subsets X, 2) C Speci? with XH2J = {m} and complexes X e P(X) and Y e C(2J), 
the intersection multiplicity of X and Y is defined as 

X (X, Y) = X (X ®r Y) = £(-1)* KMX ®r Y j). 

i 

In the construction of Grothendieck spaces below, the extra requirement that 
dimX+dim2J < dim i? is needed; this corresponds to the assumption that dimM + 
dimiV < dimi?, which is necessary in order to define the Dutta multiplicity. To 
formalize this, define, for each X C Spec R, the subset 

X c = {q G Speci? | Xny(q) = {m} and dimF(q) < codimX}. 

The set X c is the largest specialization-closed subset of Spec R such that 

X n X c = {m} and dim X + dim X c < dim R. 

(It is not hard to see that, when X is closed, dimX + dimX c = dimi?.) Thus, for 
X, 2} C Spec R, the property that X n 2) — {m} and dim X + dim 2J < dim R is 
equivalent to 2J C X c which again is equivalent to X C 2} c . 

Definition 1. Let X C Speci?. The Grothendieck space of the category P(X) is 
the Q- vector space GP(X) presented by elements [X], one for each isomorphism 
class of a complex X in P(X), and relations 

[X] = [X] whenever X (X, -) = X (X, -) : C(X C ) -> Q. 

Similarly, the Grothendieck space of the category C(X) is the Q- vector space GC(X) 
presented by elements [Y], one for each isomorphism class of a complex Y in C(X), 
and relations 

[Y] = [Y] whenever x(~,Y) = x{~,Y) ■ P (^ C ) ^ Q- 
If X = {m}, we simply write GP(m) and GC(m). 

Since intersection multiplicity is additive on short exact sequences and trivial on 
exact complexes, the Grothendieck spaces GP(X) and GC(X) can also be regarded 
as the tensor product of Q with quotients of the Grothendieck groups Kq(P(X)) and 
K (C(X)) of the categories P(X) and C(X). (For further details on Grothendieck 



4 



ESBEN BISTRUP HALVORSEN 



groups of categories of complexes, see [4].) In particular, any relation in one of these 
Grothendieck groups is also a relation in the corresponding Grothendieck space. 
Intersection multiplicity in one variable naturally induces Q-linear maps 

X(-,y): GP(£)-XQ given by Y) = X (X, Y) 

for each Y e C(X C ). We equip GP(X) with the initial topology of these maps: this 
is the coarsest topology such that all the maps are continuous. Likewise, there are 
naturally induced Q-linear maps 

X (X, -) : GC(X) - Q given by X (X, [Y]) = X (X, Y) 

for each X G P(X C ), and we equip GC(X) with the initial topology of these maps. 
It is straigthforward to see that addition and scalar multiplication are continuous 
operations, making GP(X) and GC(X) topological Q-vector spaces. Henceforth, 
Grothendieck spaces are always considered to be topological Q-vector spaces, so 
that, for example, a "homomorphism" between Grothendieck spaces is a continuous 
and Q-linear map. 

Proposition 2. Suppose that X, 2) C Speci?. 

(?) // — > X — > Y — > Z — > is a short exact sequence of complexes in P(X) 
(or in C(X), respectively), then [Y] — [X] + [Z] in GP(X) (or in GC(X), 
respectively) . 

(ii) If (p: X — > Y is a quasi-isomorphism of complexes in P(X) (or in C(X), 
respectively), then [X] = [Y] in GP(X) (or in GC(X), respectively). In 
particular, if X is exact, then [X] = 0. 

(Hi) If X is a complex in P(X) (or in C(X), respectively), then [E n X] = 
(—l) n [X] in GP(X) (or in GC(X), respectively). (Here, £"(— ) denotes 
the shift functor, taking a complex X to the complex Y< n X defined by 
(E n X)i = X^ n and df x = {-l) n d?_ n .) 

(iv) Any element in GP(X) (or in GC(X), respectively) can be written in the 
form r[X] for a rational number r £ Q and a complex X in P(X) (or in 
C(X), respectively). 

(v) GC(X) is generated by the elements [i?/q] for prime ideals q 6 X. 

(vi) The Euler characteristic x : C(m) — > Q induces an isomorphism (that is, 
a Q-linear homeomorphism) 

X- GC(m) 4 Q given by X {[X]) = X (X). 

(vii) The inclusion P(X) — » C(X) and, when X C 2), the inclusions P(X) — > 
P(2)) and C(X) — > C(2J) of categories induce homomorphisms GP(X) — > 
GC(X), GP(X) — ► GP(2}) and GC(X) — * GC(2J) given in all cases by 
[X] i — ► [X] . 

(viii) If 2J C X c , the tensor product of complexes induces bi-homomorphisms 
(homomorphisms in each variable) 

- ® - : GP(X) x GC(2}) GC(m) and 

- <E> - : GP(X) x GP(2}) ^ GP(m) 

given in both cases by [X] <S> [Y] = [X <8>k Y]. 

Proof. Properties (0), §n$) and \iii\ hold since they hold for the corresponding 
Grothendieck groups; see [4]. 
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We show that holds for elements in GP(X); the argument for elements in 
GC(X) is identical. Note first that any element in GP(X) can be written as a sum 
J2i r i[X l ] for various complexes X 1 in P(X). By using (|m[) , we can assume that all 
Ti are positive, and by choosing a greatest common divisor, we can write the element 
in the form r'^2 li ai[X l ] for a rational number r and positive integers a^. Because 
of iJTJ, a sum of two elements represented by complexes is equal to the element 
represented by their direct sum, and hence the sum ^2iO,i[X l ] can be replaced by 
a single element [X], where X is the direct sum over % of dj copies of X 1 . 

Property (jwj) holds since it holds for the corresponding Grothendieck group. This 
is easily seen by using short exact sequences to transform a complex in C(X) first 
into a bounded complex, then into the alternating sum of its homology modules, 
and finally, by taking nitrations, into a linear combination of modules in the form 
R/q for prime ideals q G X. 

The Q- vector space isomorphism in (fwj) is an immediate consequence of the group 

isomorphism Ko(C(m)) Z induced by the Euler characteristic on Grothendieck 
groups. It is straightforward to see that it is a homeomorphism. 

To see it suffices to note that, since C(X C ) contains P(X C ) as well as C(2J C ) 

whenever X C 2) (because then 2J C C X c ), any relation in GP(X) is also a relation 
in GC(X) and GP(2)). 

Finally, (jtimjl simply follows from the definition of Grothendieck spaces. As an 
example, we show that the second map in (lt>m[) is a homomorphism in the first 
variable. So fix Y G P(2)) and let Z G C({m} c ) = C(Speci?) be arbitrary. Then 

X (- ® R Y, Z) = X (-Y ® R Z) : P(X) - Q, 

which shows that the map GP(X) — » GP(m) given by [X] i— > [X ®r Y] is well- 
defined, O-lincar and continuous. □ 



The homomorphisms in Proposition I2l| vii [) are called inclusion homomorphisms 
although they in general are not injective. The image under an inclusion homo- 
morphism of an element a will generally be denoted a. 

Let X,2) C Speci? with 2) C X c and suppose that X G P(X) and Y G C(2J). 
Then 

X (X, Y) = X (X ® R Y) = X ([X ® R Y})= X ([X] ® [Y]), 
which is the image in Q of [X] (g) [Y] under the isomorphism GC(m) = Q induced by 
the Euler characteristic. Thus, the intersection multiplicity of complexes generalizes 
to the bi-homomorphism GP(X) x GC(2)) — > GC(m) from Proposition Ell viii p . 

Definition 3. Given X C Speci? and elements a G GP(X) and (5 G GC(X), the 
dimensions of a and (3 arc defined as 

dim a = inf { dimX \ a = r[X] for some r G Q and X G P(X)} and 

dim/? = inf { dimY | /3 = s[Y] for some s G Q and Y G C(X)}. 

In particular, dim a = — oo if and only if a = 0. 

Definition 4. Suppose that X C Speci? and let a G GP(X). Then a satisfies 
vanishing if, for all (3 G GC(X C ), a <g) /3 = whenever dim/3 < codimX, and a 
satisfies weak vanishing if, for all (3 G GP(X C ), a ® (3 = in GC(m) whenever 
dim [3 < codim X. The vanishing dimension of a is the number 

a® (3 = for all /3 G GC(X C )] 
with dim (3 < codim X — u 



vdim a = inf u€Z 
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In particular, vdima = — oo if and only if a = 0, and vdima < if and only if a 
satisfies vanishing. 

To satisfy vanishing and weak vanishing for an element a generalizes the usual 
terminology for complexes: if X £ P(X), then the element [X] in GP(X) satisfies 
vanishing exactly when x(A, Y) = for all Y £ C(X C ). Likewise, [X] satisfies weak 
vanishing exactly when Y) = for all Y £ P(X C ). 

The vanishing dimension measures, in a sense, how far an element is from satisfy- 
ing vanishing: if vdim[A] = u, then u is the smallest integer such that x(X, Y) = 
for all Y € C(X C ) with dimX + dimY" < dimi? - u. 

Remark 5. A result by Foxby [3] shows that vanishing holds for all a £ GP(X) 
whenever codimX < 2. In particular, for all a £ GP(X), 

vdima < max(0, codimX — 2). 

Proposition 6. Suppose that X C Speci?, let a £ GP(X) and let u be a non- 
negative integer. The following are equivalent. 

(i) a ® j3 — for all (3 £ GC(X C ) with dim/3 < codimX — u. 

(ii) a satisfies vanishing in GP(2}) for ally 3 1 with codim2) = codimX — u. 

(Hi) a — in GP(2)) for all 2) D X with codim2) < codimX — u. 

(iv) a — in GP(2)) for all 2) D X with codim2J = codimX — u — 1. 

(v) vdima < u. 

Proof. Straightforward. □ 

Remark 7. Suppose that X C 2J, let a £ GP(X) and denote by a the image in 
GP(2J) of a under the inclusion homomorphism. Then 

vdima < vdima — (codimX — codim2J). 

It is always possible to find a 2) 3 I with any given co-dimension larger than or 
equal to codim X — vdim a and smaller than or equal to codim X such that the above 
is an equality. 

4. Frobenius and vanishing dimension 

Assumption. Throughout this section, R is assumed to be complete of prime 
characteristic p, and k is assumed to be a perfect field. 1 

The Frobenius ring homomorphism /: R — > R is given by f(r) = r p ; the e-fold 
composition of / is the ring homomorphism f e :R^>R given by fir) — r p . We 
denote ' R the bi-i?-algebra R having the structure of an i?-algebra from the left 
by f e and from the right by the identity map: that is, if x £ ' R and r, s £ R, then 
r ■ x ■ s — r p xs. 

Definition 8. Two functors, ) and F^, are defined on the category of R- 
modules by 

f\-)=f e R® R - and F£(-) = - ® R r R, 
where, for a module M, ' M is viewed through its left structure, whereas F R (M) is 
viewed through its right structure. The functor Fr is called the Frobenius functor. 

^Note that, although the assumptions that R be complete and k be perfect may seem restrictive, 
they really are not when it comes to dealing with intersection multiplicities; for further details, 
see Dutta p] p. 425]. 
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Like the usual intersection multiplicity, the definition of Dutta multiplicity can 
be extended to a more general setting: for subsets X, 2) C Spec R with 2) C X° and 
complexes X G P(X) and Y - G C(2}), the Dutta multiplicity of X and Y is defined 
as 

XooiX, Y) = Urn —L^x^CX), Y). 

Proposition 9. The following hold. 

(i) For all X C Speci?, * (— ) defines an exact functor C(X) — > C(X). 
(m) For X C Speci?, i<ft defines a functor P(X) — > P(X). 
(m) ' (— ) and are the compositions of e copies of*(—) and Fr, respectively. 

Proof. All properties are readily verified. For further details, see, for example, 
Peskine and Szpiro [8] or Roberts [11]. □ 

According to Proposition (5J[|]) , for any complex Z G C(m), 

xfz) = x {z)ifk) = x (z), 

where the last equation follows since k = ' k. Now, suppose that X G P(X) and 
Y G C(X C ). It is not hard to see that r '{F' R {X) ® R Y) = X ® R f °Y , and it follows 
that 

X (F e R (-),Y)=x(-, fe Y): P(£)-Q, (1) 

which implies that the map GP(X) — » GP(X) given by [A] i— » [F^(A)] is well- 
defined, Q-linear and continuous; in other words, it is an endomorphism of Grothcn- 
dicck spaces. 

Definition 10. Given X C Speci? and e G No, the endomorphism on GP(X) 
induced by F^ is denoted F%-. Further, we define the endomorphism 

$1 = \ Fi 

pe codim X 

on GP(X). For X = {m} we simply write F^ and 

Proposition 11. Suppose that X C Speci? and let a G GP(X). Then a satisfies 
vanishing if and only if a = <5>x(a). 

Proof. According to Proposition [2lfwj) . we can assume that a is in the form a = r[X] 
for r G Q and X 6 P(X). By Proposition [2|uf and the definition of Grothcndieck 
spaces, the element a is completely determined by the intersection multiplicities 
X{a,R/c\) for prime ideals q G X c . Given such a prime ideal q, set m = dimi?/q 
and note that, since R/q is a complete domain of characteristic p and with perfect 
residue field, R/q is torsion-free of rank p m over f(R/q); see Roberts [HI section 7.3]. 
Thus, there is a short exact sequence 

- (R/qf m -> f(R/q) -» Q - 0, 

where Q is a finitely generated module with dimQ < to. By applying |T]), we § e t 

X (Fr(X), R/q) = p m X (X, R/q) + X (X, Q). 

Setting i = codim X > to, this means that 

X(*s(a), i2/q) - p m_ *x(a, i?/q) Q). (2) 
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Now, if a satisfies vanishing, formula ([2]) shows that a and &x(ct) yield the same 
intersection multiplicities with i?/q for all q £ X c , which means that a = <i>x(a). 
Conversely, if a = ^(a), then formula @ implies that 

(p t -p m ) X (a,R/q)=x(a,Q), 

which means that a satisfies vanishing: for if this were not the case, one could choose 
q £l c with m = dimi?/q < t minimal such that x(a, R/q) ^ 0, and minimality of 
m would then imply that x(a, Q) = which gives a contradiction. □ 

Theorem 12. Suppose that X C Speci?, let a G GP(X) and suppose that u is a 
non-negative integer with u > vdima. Then 

(p u <P x - id) o • • • o - id) o (<$> x - id) (a) = 0. (3) 

Further, there exists a decomposition a = a'°'+* • -+a^ in which each is either 
zero or an eigenvector for <&x with eigenvalue l/p 1 . The elements a(°\ 
be recursively defined by 



can 



v(°) 



lim 3>|(a) and = lim p ie $|(a 



a 



(0) 



))• 



and there is a formula 



(u) 



1 


1 

l/p ■ 


■ l/p" 




f a \ 


V 


l/p u • 


■ i/p u V 







(4) 



Proof. We prove Q by induction on u. The case u = is trivial since Proposition !!!! 
in this situation yields that (&x — id) (a) = 0. Now, suppose that u > and that 
the formula holds for smaller values of u. By Proposition [11] and commutativity of 
the involved maps, equation ([3]) holds if and only if vanishing holds for the element 

f3 = (p u $x - id) o • • • o (p$x - id) (a). 

Now, let 2J C Speci? with 2)31 and codimSJ = codimX - 1. Then, in GP(2)), 
^(oO = P 1 ^^ (<*), and hence 

/? = (p" _1 $2) - id) o • • • o (p$2j - id) o ($2j - id)(a) = 0, 

where the last equation follows by induction, since vdima: < u — 1 by Remark [7] 
According to Proposition [6l this proves that {3 satisfies vanishing. 

By applying <j>£~ u to ([3]), we get a recursive formula to compute <&^ +1 (a) from 
$^(a), . . . ,<fr^~ u (a). The characteristic polynomial for the recursion is 

(p u x-l)---(px-l)(x-l), 

which has u + 1 distinct roots, namely 1, l/p, . . . , l/p u ■ Thus, there is a general 
formula 

$|(a) = a {t)) + — a (1) + ••• + — a (u) (5) 
, £ GP(X), where each ay) satisfies 



for suitable , 



pel 



(6) 



and hence is an eigenvector for $x with eigenvalue l/p 1 
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We obtain the recursive definition of by induction on i. The case i = 
follows immediately from ((5]) by letting e go to infinity. Suppose now that i > 
and that the result holds for smaller values of i. From and ^ we then get 

p*$«(a - ( a ( 0) + • • • + a (i_1) )) = p ie $ e (a« + • ■ • + a W ) 

= a W + l «+i) + ... + _l a (u), 

and letting e go to infinity, we obtain the desired formula. 

From ([5]) we know that , . . . , a'"-* solve the following system of equations 
with rational coefficients. 



+ a« + ••• + = a 

1 (i) 1 
p p" 



a(°) + — a« + ••• + -La^ = *£(a) 

Formula (0J now follows. (The matrix is the Vandermonde matrix of the elements 
1, 1/p, l/p u with determinant Uo<i<j<uQ-/P i ~ W) ^ 0.) □ 

Remark 13. It is easy to see that, for a S GP(X) and j3 £ GP(X C ), 

(a®/3) (t) = ®/3 w 

«+i=i 

inGP(m). In particular, (a<g>/3) (0) = a (0) <g>/3 (0) . Suppose now that X CJ)C Speci? 
and let s = codimX — codim2). Since §x( a ) — P~ S ®Z)(®) m GP(2J), it follows 
from Theorem [T2l that, in GP(2J), a~M = for i > s and qW = for i < s. 

Remark 14. The Dutta multiplicity of an element a £ P(3C) and complexes in 
C(X C ) is given by applying the function 

Xoc(a, -) = lim X (*|(a), -) = x( Um -) = x(« (0) , -)• 

e — >oo e — >oc 

Thus, the Dutta multiplicity is a rational number and we need not find a limit 
to compute it. In fact, translating Theorem 1121 back to the setup with complexes 
X £ P(X) and Y £ C(2J), where X = SuppX, 2) = Suppy and 2J C X c , we obtain 
the general formula 

/i i •■• i vV \ 

• ' ' x(W).Y) 



X oo(X,Y) = (l ••• 0) 



pt pt 1 ... pt u 



\X(FR(X),Y)J 



\p ut • • • p u ^- u ) J 

where t = codimX and u > vdimfX] for [X] £ GP(X). The fact that Dutta multi- 
plicity satisfies vanishing follows immediately from Proposition I15[ which extends 
Proposition [S] by adding even more conditions that describe what it means to have 
a certain vanishing dimension. 

Proposition 15. Suppose that X C Speci?, let a £ GP(X) and let u be a non- 
negative integer. The following are equivalent, 
(i) a satisfies vanishing. 
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(ii) a = cr ' . 
(Hi) a — 

(iv) a = $x(ct) for some e G N. 
(v) a = lime^oo $|(a). 
Further, the following are equivalent. 

(vi) a = H ha w . 

(vii) (p u $x - id) o • • • o (p&x - id) o ($ x - id) (a) = 0. 
(otm) vdima < u. 

Proof. (Ji} is equivalent to (|ro|) by Proposition [Til iGSJ is equivalent to (JziJ and 
by Theorem [T^J (|m[) implies (fw^j) implies Ifojl. so these must all be equivalent; the 
proof of Theorem [12] shows how (jwnp implies which again implies (fwj) ; and 
combining Remark [13] with Proposition [6] shows that (fw|) implies ^viii\ . □ 

Having vanishing dimension exactly equal to u > of course means that con- 
ditions (fw]) ~ (|nmj) are satisfied and that the same conditions fail to hold if u is 
replaced by u — 1. In particular, if vdima = u, then cr") 7^ and there exists a 
f3 £ GC(X C ) with dim/3 = codimX - u such that a ® (3 = a (u) ® /3 ^ 0. Conse- 
quently, if the term a*- 1 -* is non-zero, then it has vanishing dimension i and can be 
regarded as "the component of a that allows a counterexample to vanishing where 
the difference between co-dimension and dimension is equal to i" . 

5. Numerical vanishing 

Assumption. Throughout this section, we continue to assume that R is complete 
of prime characteristic p > 0, and that k is a perfect field. 

Definition 16. Suppose that X C Speci? and let a S GP(X). We say that a 
satisfies numerical vanishing if a = a(°) in GC(X). 

Proposition 17. Suppose that X C Speci? anci Zet a 6 GP(X). For ifte following 
conditions, each condition implies the next. 

(i) a satisfies vanishing, 
(ii) a satisfies numerical vanishing 
(Hi) a satisfies weak vanishing 

Proof. It is clear from Proposition [15] that vanishing implies numerical vanishing. 
Suppose that a satisfies numerical vanishing and let f3 € GP(X C ) be such that 
dim/3 < codimX. Then 

~^W]3 = a <g> /3 = # ®(3 = a (0) <g> /3 = 0, 

since satisfies vanishing, and we conclude that a satisfies weak vanishing. □ 

As Remark [22] will show, the implications in Proposition [T"7l are generally strict. 

Remark 18. If X is a complex in P(m), then, because of Proposition l2tfM|) . the 
element [X] £ GP(rrt) satisfies numerical vanishing if and only if 

lim Z^TRX(F e R (X)) = x(X). (7) 

As we shall see in Proposition [TO1 below, for ([7]) to hold, it suffices (but need not be 
necessary) to verify that the equation 

X (F R (X))=p^ R X (X) 
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holds for vdim[A] distinct values of e > 0. 

Proposition 19. Suppose that X C Speci? and let a G GP(X). A sufficient 
condition for a to satisfy numerical vanishing is that a = <3?^(a) in GC(X) for 
vdima distinct values of e > 0. 

Proof. Let u = vdima. According to Theorem 1121 the difference ^(a) — a in 
GC(X) is obtained by letting x — l/p e in the polynomial 

The polynomial always has the root x = 1. If there are u additional roots, it must 
be the zero-polynomial, so that a = a(°*> . □ 

Definition 20. We say that i? satisfies vanishing (or numerical vanishing or weak 
vanishing, respectively) if all elements of GP(X) satisfy vanishing (or numerical 
vanishing or weak vanishing, respectively) for all X C Spec R. 

Proposition 21. The following are equivalent. 

(i) R satisfies numerical vanishing. 

(ii) a = <&x(o:) in GC(X) for all X C Speci? and a G GP(X). 
{Hi) a = $ m (a) in GC(m) for all a G GP(m). 

(iv) a = in GC(X) for all X C Speci? and a G GP(X). 
( v ) a = # in GC(m) for all a G GP(m). 

Proof. By definition, ^ is equivalent to (Trojl . It is clear that (Jm]) implies (lm[) and 
that (fwi|) implies (pjj). It is also clear that §n§ implies (fw|) and that (|m|) implies 
([77]). Thus, it only remains to prove that (jrrj) implies ([m]). So assume ([J7]) and let 
X C Speci? and a G GP(X). Then, for all /3 G P(X C ), 

$ 2 (a) ®/9 = $3t(a) ® /3 = ($i(a) ® = $ x (a)( ) <g> /?(°) = a(°) <8>/3(°), 

where we have applied Remark [T3l and the fact that $^(a)' ' = a^°\ Similarly, 

a (g) f3 = aW(3 = {a® /?)(°) = # (g)/3(°). 

Thus, a = ii(a). □ 

Remark 22. Comparing Remark IT51 with Proposition we see that a necessary 
and sufficient condition for i? to satisfy numerical vanishing is that 

x(F R (X))=p dimR x(X) (8) 

for all complexes X G P(tn), and by Proposition Q~7l this condition implies that i? 
satisfies weak vanishing. 

Dutta [T] has proven that condition ([5]) holds when i? is Gorenstein of dimen- 
sion (at most) 3 or a complete intersection (of any dimension). The rings in the 
counterexamples by Dutta, Hochster and McLaughlin [2] and Miller and Singh [7] 
are complete intersections (which can be assumed to be complete of characteristic p 
and with perfect residue fields), and hence they satisfy numerical vanishing without 
satisfying vanishing. 

Any ring of dimension at most 4 will satisfy weak vanishing; this follows from 
the result by Foxby 3 . Roberts [10] has shown the existence of a Cohen-Macaulay 
ring of dimension 3 (which can also be assumed to be complete of characteristic p 
and with perfect residue field) such that condition ([8|) does not hold. Thus, this 
ring satisfies weak vanishing without satisfying numerical vanishing. 



12 



ESBEN BISTRUP HALVORSEN 



Acknowledgments 

I am grateful to Anders Frankild for many useful suggestions that helped improve 
this paper significantly. I would also like to thank the anonymous referee for some 
useful suggestions that helped reduce the complexity of this paper. Finally, I thank 
Hans-Bj0rn Foxby and Anurag Singh for reading and commenting the paper, and 
Marc Levine for explaining his work to me. 

References 

[1] Sankar P. Dutta, Frobenius and multiplicities, J. Algebra 85 (1983), no. 2, 424-448. 
MR MR725094 (85f: 13022) 

[2] Sankar P. Dutta, M. Hochstcr, and J. E. McLaughlin, Modules of finite projective di- 
mension with negative intersection multiplicities, Invent. Math. 79 (1985), no. 2, 253-291. 
MR MR778127 (86h: 13023) 

[3] Hans-Bj0rn Foxby, The Macrae invariant, Commutative algebra: Durham 1981 (Durham, 
1981), London Math. Soc. Lecture Note Ser., vol. 72, Cambridge Univ. Press, Cambridge, 
1982, pp. 121-128. MR 85e:13033 

[4] Hans-Bj0rn Foxby and Esbcn Bistrup Halvorscn, Grothendieck groups for categories of com- 
plexes, Preprint (can be downloaded from www.math.ku.dk/~ebh/), 2006. 

[5] H. Gillet and C. Soule, Intersection theory using Adams operations, Invent. Math. 90 (1987), 
no. 2, 243-277. MR MR910201 (89d:14005) 

[6] Kazuhiko Kurano, A remark on the Riemann-Roch formula on affine schemes associated 
with Noetherian local rings, Tohoku Math. J. (2) 48 (1996), no. 1, 121-138. MR MR1373176 
(97c:14006) 

[7] Claudia M. Miller and Anurag K. Singh, Intersection multiplicities over Gorenstein rings, 

Math. Ann. 317 (2000), no. 1, 155-171. MR MR1760672 (2001h:13031) 
[8] C. Peskine and L. Szpiro, Dimension projective finie et cohomologie locale. Applications a 
la demonstration de conjectures de M. Auslander, H. Bass et A. Grothendieck, Inst. Hautcs 
Etudes Sci. Publ. Math. (1973), no. 42, 47-119. MR MR0374130 (51 #10330) 
[9] Paul C. Roberts, The vanishing of intersection multiplicities of perfect complexes, Bull. Amcr. 
Math. Soc. (N.S.) 13 (1985), no. 2, 127-130. MR 87c:13030 

[10] , Intersection theorems, Commutative algebra (Berkeley, CA, 1987), Math. Sci. Res. 

Inst. Publ., vol. 15, Springer, New York, 1989, pp. 417-436. MR MR1015532 (90j: 13024) 

[11] , Multiplicities and Chern classes in local algebra, Cambridge Tracts in Mathematics, 

vol. 133, Cambridge University Press, Cambridge, 1998. MR 2001a:13029 
[12] Jean-Pierre Serre, Algebre locale. Multiplicites [Local algebra. Multiplicities], Cours au College 
de France, 1957—1958, redige par Pierre Gabriel. Troisieme edition, 1975. Lecture Notes in 
Mathematics, vol. 11, Springer- Verlag, Berlin, 1965. MR 34 #1352 

Esben Bistrup Halvorsen, Department of Mathematical Sciences, University of Copen- 
hagen, UNIVERSITETSPARKEN 5, 2100 K0BENHAVN 0, DENMARK. 
E-mail address: esbenamath.ku.dk 



